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In this note we give a proof of the following result. 
THEOREM. Let X, Y, Z be Banach spaces, let A be a densel+defined 
closed linear operator from X to Y and let B be a densely-defined linear 
operator from Y to 2. If the range R(A) of A is closed in Y and has finite 
codimension, then (BA)’ = A’B’, where E’ denotes the conjugate of an 
operator E. 
COROLLARY 1. If A and B are densely-dejined closed linear operators 
on a Hilbert space and R(A) is closed with Jinite codimension, then 
(BA)* = A*B*, where E* denotes the adjoint of E. 
COROLLARY 2. If A and B are self-adjoint operators on a Hilbert 
space and A is a Fredholm operator, then (BA)* = AB. If A is also 
bounded, then ABA is self-adjoint. 
Corollary 1 was proved [I]. The additional hypothesis that the null 
space N(A) of A was finite dimensional was stated there, but it was not 
used in the proof. For the special case where A is bounded, another 
proof of Corollary 1 was given by Holland in [2]. When A is 
an orthogonal projection onto a closed subspace having finite codimen- 
sion, the second statement in Corollary 2 is due to Stenger [3]. In [2] 
Holland observes that the second statement in Corollary 2 follows 
from the first. 
Proof of the Theorem. Obviously A’B’ G (BA)‘. We must show 
that if z’ E D[(AB)‘], then z’ E D(B’) and B’z’ E D(A’). Since A is a 
closed operator, N(A) is closed in X and consequently X/N(A) is a 
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Banach space. Let [x] denote the coset in X/N(A) containing x. Since 
R(A) is closed, there is a constant C such that 
llL4 d c II Ax II9 x E D(A). (1) 
Moreover, there is a finite dimensional subspace M _C D(B) such that 
Y = R(A) @ M (2) 
(see Lemma 2.1 of [4]). N ow let y be any element of D(B) n R(A). 
Then there is an x E D(A) such that Ax = y. If x0 E N(A), we have 
x’(By) = x’[BA(x - x0)] = (BA)’ z’(x - x0), 
since z’ E D[(BA)‘]. This shows that 
by (1). If y E M, we have 
I -wY)l < G II z’ II IIY I/> 
since B is bounded on M. By (2) every y E D(B) is the sum of an 
element in D(B) n R(A) an d an element of M. Consequently, 
I 4BY)I G G IIY II9 Y E W)* 
This shows that x’ E D(E). T o complete the proof we must show that 
B’z’ E D(A’). For x E D(BA) we have 
B’x’(Ax) = z’(BAx) = (BA)’ x’(x). (3) 
Moreover, if x is any element of D(A), there is a sequence {+J of 
elements of D(BA) such that Ax, --t Ax (Lemma 2.1 of [4]). By (1) 
there is a sequence {x,,~) if elements of N(A) such that xk - xok ---t x. 
BY (3) 
B’z’(&) = (BA)’ Z’(XK - XOJJ, k = 1, 2,... . 
Taking the limit, we see that (3) holds for all x E D(A). Consequently 
B’z’ E D(A’), and the proof is complete. 
Note that the hypotheses of the theorem imply that D(BA) is dense 
in X and consequently that (BA)’ exists. To see this, it suffices to 
show that each element x E D(A) is the limit of a sequence of elements 
of D(BA). The sequence {xk - xok} given above has precisely these 
requirements. 
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Note added in proof. The fact that D(BA) is d ense was proved in Goldberg, Un- 
bounded Linear Operators, McGraw-Hill, 1966. In his full paper (which is rather long), 
Holland (this journal, 3 (1969) 337-344) proved Corollary 1 under the additional 
assumption that R(B* C D(A*). While correcting proofs he used the argument of 
[I] (where proof of Corollary 1 is given) to remove this restriction. Gustafson (Bull. 
Amer. Math. Sot., 75 (1969) 739-741) gives simple proofs of important special cases 
of Corollary 1. He also notes that the proof if [I] requires only that A E @- and B 
is densely defined. Van Casteren and Goldberg showed that in Hilbert space the 
assumptions on A in the theorem of the present paper cannot be relaxed without 
further restricting B. By following the proof of [1], C. S. Lin proved our theorem for 
A a Fredholm operator and B closed. Some results for the case R(A) not closed have 
been given by Van Casteren. 
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